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Abstract

We propose a novel approach to constructing predictive models on long complex
symbolic sequences. The models are constructed by rst transforming the training
sequence n-block structure into a spatial structure of points in a unit hypercube.
The transformation between the symbolic and Euclidean spaces embodies a natural
smoothness assumption (n-blocks with long common suces are likely to produce similar continuations) in that the longer is the common sux shared by any two n-blocks,
the closer lie their point representations. Finding a set of prediction contexts is then
formulated as a resource allocation problem solved by vector quantizing the spatial
representation of the training sequence n-block structure. Our predictive models are
similar in spirit to variable memory length Markov models (VLMMs). We compare
the proposed models with both the classical and variable memory length Markov models on two chaotic symbolic sequences with di erent levels of subsequence distribution
structure. Our models have equal or better modeling performance, yet, their construction is more intuitive (unlike in VLMMs, we have a clear idea about the size of the
model under construction) and easier to automize (construction of our models can be
done in a completely self-organized manner, which is shown to be problematic in the
case of VLMMs).

1 Introduction
Statistical modeling of complex sequences is a fundamental goal of machine learning due
to its wide variety of applications (Ron, Singer, & Tishby, 1996): in genetics (Prum,
Rodolphe, & deTurkheim, 1995), speech recognition (Nadas, 1984), nance (Buhlman,
1998), or seismology (Brillinger, 1994).
One of the models for sequences generated by stationary sources, assuming no particular underlying mechanistic system, are Markov models (MMs) of nite order (Buhlmann,
1997). The only implicit assumption made is about the nite memory of the process.
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These statistical models de ne rich families of sequence distributions and give ecient
procedures for both generating sequences and computing their probabilities. However,
MMs can become very hard to estimate due to the familiar explosive increase in the
number of free parameters (yielding highly variable estimates) when increasing the model
order. Consequently, only low order MMs can be considered in practical applications.
Approaches proposed in the literature (Ron, Singer, & Tishby, 1996; Laird, & Saul,
1994; Nadas, 1984; Rissanen, 1983; Weinberger, Rissanen, & Feder, 1995; Willems,
Shtarkov, & Tjalkens, 1995) to overcome the curse of dimensionality in MMs share the
same basic idea: instead of MMs consider variable memory length Markov models (VLMMs)
with a \deep" memory just where it is really needed (Ron, Singer, & Tishby, 1994).
Prediction contexts of variable length in VLMMs are often represented as prediction
sux trees (PSTs) (Rissanen, 1983). The relevant prediction context is de ned as the
deepest node in the PST that can be reached from the root when reading the input
stream in reversed order.
Prediction sux trees can be constructed in a top-down (Ron, Singer, & Tishby,
1994; Ron, Singer, & Tishby, 1996; Weinberger, Rissanen, & Feder, 1995), or bottomup (Buhlmann, 1997; Guyon, & Pereira, 1995) fashion. Both schemes strongly depend on
the construction parameters regulating candidate context selection and growing/pruning
decisions (Buhlmann, 1997; Guyon, & Pereira, 1995). The appropriate values for those parameters are derived only under asymptotic considerations. In practical applications, the
parameters must be set by the modeler, which can be, as we will see, quite inconvenient.
Buhlmann (1997) suggests to optimize the construction parameters' values through minimization of model complexity measured, for example, by the Akaike information criterion
(Akaike, 1974).
We introduce nite-context predictive models similar in spirit to VLMMs. The key
idea behind our approach is a spatial representation of candidate prediction contexts,
where contexts with long common suces (i.e. contexts that are likely to produce similar continuations) are mapped close to each other, while contexts with di erent suces
(and potentially di erent continuations) correspond to points lying far from each other.
Selection of the appropriate prediction contexts is left to a vector quantizer. Dense areas
in the spatial representation of potential prediction contexts correspond to contexts with
long common suces and are given more attention by the vector quantizer.
The paper has the following organization: Section 2 brings a brief introduction to
methods of quantifying and representing subsequence distributions in symbolic sequences.
In section 3, we use the framework of nite memory sources to introduce our predictive
models as well as the classical and variable memory length Markov models. Section 4 contains a detailed comparison of the studied model classes on a symbolic sequence obtained
by quantizing activity changes of a laser in a chaotic regime, and on the Feigenbaum
sequence generated from the logistic map with the period-doubling accumulation point
parameter value. Discussion summarizes the empirical results and outlines directions in
our current and future research.
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2 Quantifying and representing subsequence structure in
symbolic sequences

We consider sequences S = s1 s2 ::: over a nite alphabet A = f1; 2; :::; Ag (i.e. every
symbol si is from A) generated by stationary information sources (Khinchin, 1957). The
sets of all sequences over A with a nite number of symbols and exactly n symbols are
denoted by A+ and An , respectively. By Sij , i  j , we denote the string si si+1 :::sj ,
with Sii = si . For each sequence S = s1 s2 :::sn 2 A+ , S R denotes the reversed sequence
S R = sn sn;1 :::s1.

2.1 Statistics on symbolic sequences

Denote the (empirical) probability of nding an n-block w 2 An in S by P^n (w). A string
w 2 An is said to be an allowed n-block in the sequence S , if P^n(w) > 0. The set of all
allowed n-blocks in S is denoted by [S ]n.
Statistical n-block structure in a sequence S is usually described through generalized entropy spectra. The spectra are constructed using a formal parameter that can
be thought of as the inverse temperature in the statistical mechanics of spin systems
(Crutch eld, & Young, 1990).
The original distribution of n-blocks, P^n (w), is transformed to the \twisted" distribution (Young, & Crutch eld, 1993) (also known as the \escort" distribution (Beck, &
Schlogl, 1995))
^
(1)
Q ;n(w) = P Pn (w^) :
v2[S ]n Pn (v )
The entropy rate
; Pw2[S]n Q ;n(w) log Q ;n(w)
h ;n =
(2)
n
of the twisted distribution Q ;n approximates the thermodynamic entropy density (Young,
& Crutch eld, 1993)
h = nlim
(3)
!1 h ;n :
When = 1 (metric case), Q1;n (w) = P^n (w), w 2 An , and h1 becomes the metric
entropy of subsequence distribution in the sequence S , that gives the asymptotic growth
rate of the block entropy Hn = nh1;n .
The in nite temperature regime ( = 0), also known as topological, or counting case,
is characterized by the distribution Q0;n (w) assigning equal probabilities to all allowed
n-blocks. The topological entropy h0 gives the asymptotic exponential growth rate of the
number of distinct n-blocks in S as n ! 1.
Varying the parameter amounts to scanning the original n-block distribution P^n :
the most probable and the least probable n-blocks become dominant in the positive zero
( = 1) and the negative zero ( = ;1) temperature regimes respectively. Varying
from 0 to 1 amounts to a shift from all allowed n-blocks to the most probable ones
by accentuating still more and more probable subsequences. Varying from 0 to ;1
accentuates less and less probable n-blocks with the extreme of the least probable ones.
We note that the thermodynamic entropy densities are closely related to the -order
Renyi entropy rates (Renyi, 1959) (cf. (Young, & Crutch eld, 1993)). In particular, the
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two quantities are known to coincide in the topological and metric cases (Grassberger,
1991).

2.2 Geometric representations of subsequence structure

In (Tino, 1998) we formally study a geometric representation of subsequence structure,
called the chaos game representation, originally introduced by Je rey (1990) to study
DNA sequences (see also (Oliver, Galvan, Garcia, & Roldan, 1993; Roldan, Galvan, &
Oliver, 1994; Li, 1997)). The basis of the chaos game representation of sequences over an
alphabet A = f1; 2; :::; Ag is an iterative function system (IFS) (Barnsley, 1988) consisting
of A ane contractive maps1 1; 2; :::; A, acting on the N -dimensional unit hypercube2
X = [0; 1]N , N = dlog2 Ae:

i(x) = kx + (1 ; k)ti ; ti 2 f0; 1gN ; ti 6= tj for i 6= j:

(4)

The contraction coecient of the maps 1; :::; A, is k 2 (0; 21 ].
The chaos game representation CGRk (S ) of a sequence S = s1 s2 ::: over A is obtained
as follows (Tino, 1998):
1. Start in the center x = f 21 gN of the hypercube X , x0 = x.
2. Plot the point xn = j (xn;1); n  1, provided the n-th symbol sn is j .
A useful variant of the chaos game representation, that we call the chaos n-block
representation (Tino, 1998), codes allowed n-blocks as points in X . The chaos n-block
representation CBRn;k (S ) of the sequence S is constructed by plotting only the last points
of the chaos game representations CGRk (w) of allowed n-blocks w 2 [S ]n.
Formally, let u = u1u2 :::un 2 An be a string over A and x 2 X a point in the hypercube
X . The point

u(x) = un (un;1(:::(u2(u1 (x))):::)) = (un  un;1  :::  u2  u1 )(x)
is considered a geometrical representation of the string u under the IFS (4). For a set
Y  X , u(Y ) is then fu(x)j x 2 Y g.
Given a sequence S = s1 s2 ::: over A, the chaos n-block representation of S is de ned
as a sequence of points
n
o
CBRn;k (S ) = Sii+n;1(x) i1 ;
(5)

containing a point w(x) for each n-block w in S . The map w ! w(x) is one-to-one.
The chaos n-block representation has many useful properties. First of all, as shown
in (Tino, 1998), the estimates of Renyi generalized dimension spectra (McCauley, 1994)
quantifying the multifractal scaling properties of CBRn;k (S ), directly correspond to the
estimates of the Renyi entropy rate spectra (Renyi, 1959) measuring the statistical structure in the sequence S . In particular, for in nite sequences S , as the block length n grows,
the box-counting fractal dimension (Barnsley, 1988) and the information dimension (Beck,

To keep the notation simple, we slightly abuse mathematical notation and, depending on the context,
regard the symbols 1; 2; :::; A, as integers, or as referring to maps on X .
2 for x 2 <, dxe is the smallest integer y , such that y  x
1
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& Schlogl, 1995) estimates of the chaos n-block representations CBRn;k (S ), tend to the
sequences' topological and metric entropies, respectively, scaled by (log k1 );1 .
Second, the chaos n-block representation codes the sux structure in allowed n-blocks
in the following sense (Tino, 1998): if v 2 A+ is a sux of length jv j of a string u = rv ,
r; u 2 A+ , then u(X )  v (X ), where v(X ) is an N -dimensional hypercube of side length
kjvj. Hence, the longer is the common sux shared by two n-blocks, the closer the nblocks are mapped in the chaos n-block representation CBRn;k (S ). On the other hand,
the Euclidean distance between points representing two n-blocks u; v , that have the same
pre x of length n ; 1 and di er in the last symbol, is at least 1 ; k.

3 Finite memory sources
An information source (Khinchin, 1957; Weinberger, Rissanen, & Feder, 1995) over an
alphabet A = f1; 2; :::; Ag is de ned by a family of probability measures Pn on n-blocks
over A, n = 0; 1; 2; :::. Consistent measures satisfy the marginality condition: for all3
s 2 A, w 2 An , n = 0; 1; 2:::, X
Pn+1 (ws) = Pn (w):
s2A

In applications it is useful to consider probability functions Pn that are both consistent
and easy to handle. This can be achieved, for example, by assuming a nite source memory
of length at most L, and formulating the conditional measures
P (sjw) = PLP+1((wws) ) ; w 2 AL ;
L
using a function c : AL ! Q, from L-blocks over A to a (presumably small) nite set Q
of prediction contexts,
P (sjw) = P (sjc(w)):
(6)
Finite memory sources can be used as sequence generators by initiating them with
the rst L-block and letting them produce a continuation according to the next-symbol
distribution (6).
Consider a stationary ergodic source  and a typical long sequence S = s1 s2 :::sm,
m >> L, generated by that source. Denote the empirical n-block frequency counts in S
by P^n . Let M be a nite memory source built on S . The probability that the model M,
initiated with the rst L-block S1L , generates the continuation SLm+1 is




PM SLm+1 jS1L =

m
Y
i=L+1





P si jc Sii;;L1



and the likelihood of the sequence S with respect to the model M is determined as
 


PM (S ) = P^L S1L PM SLm+1jS1L :
(7)
In this paper, the tted sources M are compared by
3 A0 = fg and P () = 1, where  denotes the empty string.
0
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1. letting the sources, initiated with the training sequence S , generate sequences G
on their own: copy the rst L-block S1L from the training sequence to the model
generated sequence G = g1 g2:::, i.e. GL1 = S1L. Then, for i > L iteratively generate
the i-th symbol gi with respect to the model distribution P (gi jc(Gii;;1L)).
2. evaluating the statistical distances4 between the model generated sequences G and
the training sequence S .
In what follows, we present two speci c examples of nite memory sources and later
introduce a novel approach for constructing nite memory sources from geometric representations of training sequences.
In Markov models (MMs) of order n  L, for all L-blocks w 2 AL , c(w) is the length-n
sux of w, i.e. c(uv ) = v , v 2 An , u 2 AL;n .
In variable memory length Markov models (VLMMs), the suces c(w) of L-blocks
w 2 AL can have di erent lengths, depending on the particular L-block w. We brie y
review strategies for selecting and representing the prediction contexts.
Suppose we are given a long training sequence S over A. Let w 2 [S ]n be a potential
prediction context of length n < L used to predict the next symbol s 2 A according to
the empirical estimates P^ (sjw) = P^n+1 (ws)=P^n (w). If for a symbol a 2 A, such that aw 2
[S ]n+1, the prediction probability of the next symbol s, P^ (sjaw) = P^n+2 (aws)=P^n+1 (aw),
with respect to the extended context di ers \signi cantly" from P (sjw), then adding the
symbol a 2 A in the past helps in the next-symbol predictions. Several decision criteria
have been suggested in the literature. For example, one can extend the prediction context
w with a symbol a 2 A, if
 there exists a symbol s 2 A, such that (Ron, Singer, & Tishby, 1996)
^
(8)
P^(sjaw)  A1 (1 + 1 )1 and P^(sjaw) > 1 + 31 :
P (sjw)

 the Kullback-Leibler divergence between the next-symbol distributions for the can-

didate prediction contexts w and aw, weighted by the prior distribution of the extended context aw, exceeds a given threshold (Ron, Singer, & Tishby, 1994; Guyon,
& Pereira, 1995),
^
X
P^n+1 (aw) P^ (sjaw) log P^(sjaw)  2 :
(9)
P (sjw)
s2A

The (small, positive) construction parameters 1 , 2 are supplied by the modeler. For
other variants of decision criteria see (Weinberger, Rissanen, & Feder, 1995).
A natural representation of the set Q of prediction contexts, together with the associated next-symbol probabilities, has the form of a prediction sux tree (PST) (Ron,
Singer, & Tishby, 1996; Rissanen, 1983). The edges of PST are labeled by symbols from
A. From every internal node there is at most one outgoing edge labeled by each symbol.
The nodes of PST are labeled by pairs (s; P^ (sjv )), s 2 A, v 2 A+ , where v is a string
associated with the walk starting from that node and ending in the root of the tree. For
4

expressed in terms of cross-entropies and L1 distances { see sections 4.1 and 4.2
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each L-block w 2 AL , the corresponding prediction context c(w) is then the deepest node
in the PST reached by taking a walk labeled by wR, starting in the root.
The algorithm for building the PST has the following form5 (Ron, Singer, & Tishby,
1996; Ron, Singer, & Tishby, 1994; Guyon, & Pereira, 1995):
 the initial PST is a single root node and the initial set of candidate contexts is
W = fs 2 Aj P^1(s) > st g.
 while W 6= ;, do:
1. pick any v = aw 2 W , a 2 A, and remove it from W
2. add the context v to the PST by growing all the necessary nodes, provided the
condition (8) (or (9)) holds6
3. provided jv j < L, then for every s 2 A, if P^ (sv ) > add , add sv to W .
The depth of the resulting PST is at most L. The tree is grown from the root to the
leaves. If a string v does not meet the criterion (8) (or (9)), it is not de nitely ruled out,
since its descendants are added to W in step 3. The idea is to keep a provision for the
future descendents of v which might meet the selection criterion.
Variable memory length Markov models (VLMMs) are described as stochastic machines
(SMs). Brie y, SMs are like nite state machines except that the state transitions take
place with probabilities prescribed by a distribution T . The generating process is started
in an initial state7 and then, at any given time step, the machine is in some state i, and at
the next time step moves to another state j outputting some symbol s, with the transition
probability Ti;j;s .
Given a PST, the set Q of prediction contexts (states) of the corresponding VLMM
contains the leaves of the PST plus contexts added so that the symbol driven state transition probabilities Ti;j;s are properly de ned (see (Ron, Singer, & Tishby, 1996; Ron,
Singer, & Tishby, 1994; Guyon, & Pereira, 1995)). SMs representing VLMMs have suxfree state sets Q and are known as probabilistic sux automata (PSA) (Ron, Singer, &
Tishby, 1996; Weinberger, Rissanen, & Feder, 1995).
Although VLMMs can be emulated with the corresponding PSTs, PSA representations
of VLMMs give higher processing speed. In PSA, the longest suces are precomputed
into states, whereas in PSTs the longest suces must be dynamically determined (Guyon,
& Pereira, 1995).

3.1 Prediction fractal machines

Note that the prediction context function c : AL ! Q in Markov models of order n  L,
can be interpreted as a natural homomorphism c : AL ! AL jE corresponding to the
equivalence relation E  AL  AL on L-blocks over A: (u; v ) 2 E , if the L-blocks u; v
share the same sux of length n. The factor set AL jE = Q = An consists of all n-blocks
over A.
5
6

st and add are small positive construction parameters
P^ (sj) = P^1 (s),  is the empty string.

in the experiments described in this paper, the initial state always corresponds to the rst L-block of
the training sequence
7
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As already mentioned in the introduction, for large sux lengths n, the estimation
of prediction probabilities P (sjc(w)) can become infeasible. In what follows, we show a
method for constructing an equivalence relation E on AL (and hence the corresponding
natural homomorphism c : AL ! AL jE ) in the context of limited resources (limited number
of equivalence classes).
Suppose our model cannot have more than M prediction contexts, i.e. the number
of elements in the set Q is upper bounded by M . We impose a natural smoothness
constraint on our model by assuming that L-blocks with long common suces are likely
to produce similar continuations, whereas L-blocks with di erent suces may lead to a
range of di erent future scenarios.
Given a sequence S over A on which we want to build our model, the smoothness
constraint implies that the equivalence E  AL  AL should factorize the set [S ]L of
allowed L-blocks into the set [S ]LjE of M equivalence classes, such that blocks within each
equivalence class share as long common sux as possible.
At this point, we suggest the reader to brie y return to section 2.2 and recall the basic
notions in geometric representations of subsequence structure.
The equivalence relation E on the set AL of L-blocks over A induces an equivalence
relation E 0 on the set of their geometrical codings, AL (x ) = fu(x)j u 2 AL g,

8u; v 2 AL; (u; v) 2 E i (u(x); v(x)) 2 E 0:

Recalling the sux structure coding properties of the chaos L-block representation
CBRL;k (S ), we reformulate the constraints on the equivalence E (restricted to the set [S ]L
of allowed L-blocks in the training sequence), as constraints on the induced equivalence
E 0 (restricted to the set [S ]L(x) of points appearing in CBRL;k (S )).
For an n-block w 2 An , n < L, dense clusters of points from CBRL;k (S ) in the set
w(X ) show that there are many allowed L-blocks in S sharing the same sux w. Sparsely
inhabited areas in w(X ) re ect the presence of only few allowed L-blocks having the sux
w. Partitioning the set of allowed L-blocks into M equivalence classes, each containing
L-blocks with as long a common sux as possible, corresponds to partitioning the chaos
L-block representation CBRL;k (S ) into M subsets, each of diameter as small as possible.
In practical terms, this means allocation of points from CBRL;k (S ) to M codebook vectors
b1; :::; bM 2 X , such that the loss
X
E (S ) =
P^L (w) d2E (w(x); c(w))
(10)
w2[S ]L

is minimal, where c(w) 2 Q = fb1; :::; bM g is the codebook vector to which the point w(x)
is allocated, and dE is the Euclidean distance.
In other words, the problem of nding the set Q of M prediction contexts is formulated
as a vector quantization task, where we construct a set of M codebook vectors b1; :::; bM
minimizing the loss function (10).
We refer to nite memory sources with the context function c : AL ! Q, where c(w)
is the codebook vector representing the point w(x), as the prediction fractal machines
(PFMs). The prediction fractal machines are constructed as follows:
1. partition the hypercube X into M regions V1; :::; VM by running a vector quantizer
on the chaos L-block representation CBRL;k (S ) of the training sequence S = s1 :::sm.
8

The regions Vi, i = 1; :::; M , are the Voronoi compartments (Aurenhammer, 1991)
of the codebook vectors b1; :::; bM ,

Vi = fx 2 X j dE (x; bi) = min
d (x; bj )g:
j E
All points in Vi are allocated8 to the codebook vector bi.
2. set the counters N (i; a), i = 1; :::; M , a = 1; :::; A, to zero
3. for 1  t  m ; L
 code the L-block Stt+L;1 by a point Stt+L;1(x)
 if Stt+L;1(x) 2 Vi, increment the counter N (i; st+L) by one
4. with each prediction context (codebook vector) b1; :::; bM , associate the next symbol
probabilities
P (sjbi) = P N (i;Ns()i; a) ; s 2 A:
a2A
We also present a simple method for constructing SMs, called stochastic fractal machines (SFMs), from quantized chaos L-block representations CBRL;k (S ) of training sequences S = s1 :::sm .
1. the SFM has M states 1,...,M, indexing the codebook vectors b1 ; :::; bM
2. set the counters N (i; j; a), i; j = 1; :::; M , a = 1; :::; A, to zero
3. for 1  t  m ; L
+L by points S t+L;1 (x ) and
 code the consecutive L-blocks Stt+L;1 and Stt+1

t
+L(x ), respectively
Stt+1

+L (x ) 2 V , increment the counter N (i; j; s ) by
 if Stt+L;1(x) 2 Vi and Stt+1

j
t+L
one
4. the symbol driven state transition probabilities are given by
(i; j; s)
; i; j 2 f1; :::; M g; s 2 A:
Ti;j;s = P N
PM
a2A r=1 N (i; r; a)
Compared to PFMs, SFMs have an advantage of directly representing, in the state
transition diagrams, the topological structure of sequences they generate. A PFM can
emulate the corresponding SFM built on the same codebook, provided the SFM has a
deterministic state transition structure, i.e. for every state q and each symbol s, there is
at most one transition from q labeled with s.
8 Ties as events of measure zero (points land on the border between the compartments) are broken
according to index order
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4 Experiments
We compared the prediction fractal machines (PFMs) with both the classical and variable
memory length Markov models referred to as MM and VLMM, respectively. The experiments were performed on two symbolic sequences with di erent levels of subsequence
distribution structure.

4.1 Laser data

The rst data set is a long sequence9 (10.000 items) of di erences between the successive
activations of a real laser in a chaotic regime. The sequence was quantized into a symbolic
stream over four symbols corresponding to low and high positive/negative laser activity
change. More precisely, the activity di erences in the range [;200; 200] were partitioned
into four regions [0; 50), [50; 200], (;64; 0] and [;200; ;64) represented by symbols 1,2,3
and 4 respectively.
The training sequence S is spatially represented as a two-dimensional chaos L-block
representation CBRL;k (S ), with L = 20 and k = 21 .
Using the training sequence S and its geometric representation CBRL;k (S ), we construct the predictive models PFMs, SFMs, VLMMs and MMs that are compared through
the Lempel-Ziv entropy and cross-entropy10 estimates (Ziv, & Merhav, 1993) on the model
generated sequences.
For a stationary ergodic process that has generated a sequence Q = q1 q2 :::qm, the
Lempel-Ziv codeword length for Q, divided by m, is a computationally ecient and reliable
estimate hLZ (Q) of the source (metric) entropy (Ziv, & Merhav, 1993). Let n(Q) denote
the number of phrases in Q resulting from the incremental parsing of Q, i.e. sequential
parsing of Q into distinct phrases such that each phrase is the shortest string which is not
a previously parsed phrase. The Lempel-Ziv codeword length for Q is approximated with
n(Q) log n(Q) (Ziv, & Merhav, 1993).
Let P and R be two Markov probability measures, each of some (unknown) nite order.
The cross-entropy (also known as the Kullback-Leibler divergence) between P and R,
X
Rn(w) log RP n((ww))
dKL(RjP ) = lim
sup n1
n!1 w2An
n
measures the expected additional code length required when using the ideal code for P
instead of the ideal code for the \right" distribution R.
Given length-m realizations SP and SR of P and R, respectively, the cross-entropy
DKL (RjP ) is estimated using the Lempel-Ziv sequential parsing of SR with respect to SP .
First, nd the longest pre x of SR that appears in SP , i.e. the largest integer r such that
the r-blocks (SR)r1 and (SP )ii+r;1 are equal, for some i. (SR )r1 is the rst phrase of SR
with respect to SP . Next, start from the r-th position in SR and nd, in a similar manner,
the longest pre x (SR )jr that appears in SP , and so on. The procedure terminates when
SR is completely parsed with respect to SP . Denoting the number of phrases in SR with
9 taken from http://www.cs.colorado.edu/andreas/Time-Series/SantaFe.html
10

with respect to the training sequence
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respect to SP by n(SRjSP ), the Lempel-Ziv estimate of dKL (RjP ) is computed as11 (Ziv,
& Merhav, 1993)
n(SR jSP ) log m ; h (S ):
(11)
dKL
LZ R
LZ (SRjSP ) =
m
Due to nite sequence length e ects, the estimates of the cross-entropy hKL
LZ (S jG) between the training and model generated sequences S and G, respectively, may be negative.
Since the only nonconstant term in hKL
LZ (S j) is the number of cross-phrases in S with respect to G, we use n(S j) as the relevant performance measure. The higher is the number
of cross-phrases, the bigger is the estimated statistical distance between the sequences S
and G.
For each M 2 f1; 2; :::; 15; 20; 30; :::; 300g, we quantized the CBRL;k (S ) into M Voronoi
compartments corresponding to M codebook vectors b1; :::; bM , and constructed both the
PFM and the SFM. To test the dependence of PFM construction on the particular vector
quantizer, we used both the K-means (MacQueen, 1967; Buhmann, 1995) and dynamic
cell structures (DCS) (Bruske, & Sommer, 1995) techniques.
The aim of K-means clustering is a minimization of the loss (10), whereas DCS attempt
to jointly minimize (10) and preserve the input space topology in the cells' neighborhood
structure. Unlike in the traditional self-organizing feature maps (SOFM) (Kohonen, 1990),
the number of quantization centers and the cells' neighborhood structure in DCS is not
xed, but as the learning process proceeds, the codebook is gradually grown and the
corresponding codebook topology is adjusted to mimic to topology of the training data.
Each model was used to produce 10 model generated sequences G of length equal to
the length of the training sequence S . For every sequence G, we computed the Lempel-Ziv
entropy and cross-entropy estimates hLZ (G) and hKL
LZ (S jG), respectively.
The results are presented in gure 1. Shown are the mean quantities across 10 sequence
generation realizations. The numbers n(S jG) of cross-phrases are scaled down by a factor
10;3 . The mean performances of the PFMs and the SFMs are almost identical, irrespective
of the codebook construction technique (apart from small uctuations due to instability
of the K-means quantization with respect to random codebook initialization).
We built VLMMs using both context selection criteria (8) and (9) (see section 3). Maximal memory length L was set to 20. Varying the construction parameters, we obtained a
sequence of VLMMs of growing size.
Each VLMM was used to generate 10 sequences G, on which the measure-theoretic
quantities hLZ (G) and hKL
LZ (S jG) were computed. The results can be seen in gure 2.
Both VLMM construction schemes yield comparable performances.
Finally, we constructed the classical MMs of order 1,2,...,5. Figures 3 and 4 bring a
comparison, with respect to the mean Lempel-Ziv performance measures, of the MMs,
PFMs constructed via dynamic cell structures on CBRL;k (S ) and VLMMs built using the
scheme (9). Dotted continuations of the MM and VLMM lines correspond to the fthorder MM with 45 = 1024 prediction contexts and a VLMM with 560 prediction contexts,
respectively.
The results deserve several comments.
Obviously, as the model size grows, the VLMMs outperform the standard MMs, but
they do so signi cantly later then the PFMs. After an initial phase of being too simple to
Ziv and Merhav (1993) proved that if SR and SP are independent realizations of two nite order
Markov processes R and P , dKL
LZ (SR jSP ) converges (as m !1) to dKL (RjP ) almost surely.
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LZ entropy/cross-entropy estimation (laser data)
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Figure 1: Entropy and cross-entropy Lempel-Ziv estimates on sequences G generated by
PFMs and the corresponding SFMs. The models are built on the laser sequence S . Shown
are the mean entropies hLZ (G) (solid lines) across 10 sequence generation realizations and
the mean numbers n(S jG) of cross-phrases (dotted lines) scaled down by a factor 10;3 .
Technique used to quantize the chaos L-block representation of S is indicated by (DCS) {
dynamic cell structures, and (Km) { K-means clustering.
LZ entropy/cross-entropy estimation (laser data)
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Figure 2: Mean entropy estimates hLZ (G) (solid lines) and numbers of cross-phrases
n(S jG) (with respect to the laser sequence S , dotted lines) on sequences generated by
VLMMs constructed using schemes (8) and (9) (indicated by (R) and (K-L), respectively).
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LZ entropy estimation (laser data)
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Figure 3: LZ entropy estimates on sequences generated by MMs, PFMs constructed via
dynamic cell structures and VLMMs built using the scheme (9). Dotted continuations of
the MM and VLMM lines correspond to the fth-order MM with 1024 prediction contexts
and a VLMM with 560 prediction contexts, respectively. Shown are the mean values and
standard deviations across 10 sequence generation realizations. The horizontal dotted line
corresponds to the LZ estimate hLZ (S ) of the training sequence entropy.

LZ cross-entropy estimation (laser data)
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Figure 4: Numbers of cross-phrases n(S jG) with respect to the laser sequence S , calculated
on model generated sequences G. The experimental setting is described in caption to the
previous gure.
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account for details in the training sequence subsequence distribution (entropy estimates
of model generated sequences G are higher than the entropy estimate of the training
sequence S ), the VLMMs start to include specialized contexts that introduce more statistical structure into the model generated sequences than can actually be found in the
training sequence (hLZ (G) < hLZ (S )). We will come back to this point when analysing
the thermodynamic entropy rate spectra of sequences generated by selected model class
representatives.
On the other hand, increasing the number of prediction contexts in PFMs results in
an under tting stage, followed by a stage of fairly leveled performance. The next symbol
uncertainty in sequences G generated at this stage match the training sequence entropy
estimate hLZ (S ) almost perfectly.
The cross-entropy estimates hKL
LZ (S jG) do not show any deterioration in the PFMgenerated subsequence distribution when increasing the number of prediction contexts12.
Once enough codebook vectors cover the training sequence representation CBRL;k (S ),
so that the corresponding Voronoi compartments are suciently small regions with almost constant next-symbol probabilities, further re nement of those regions produces just
\nonminimal" versions of the PFMs.
We used the thermodynamic entropy rate spectra (eq.(2)) to study in a greater detail the subsequence distribution of the training and model generated sequences. To
this end, we rst selected three model class representatives AIC(PFM), AIC(VLMM)
and AIC(MM), one from each model class, using the Akaike information criterion (AIC)
(Akaike, 1974). The AIC method penalizes oversized models in a model class ;:

AIC (;) = arg M2
min;f;2 log PM (S ) + 2 Par(M)g;
where PM (S ) is the likelihood of the training sequence given the model M and Par(M)
is the number of free parameters in the model M. Using the AIC for selection of optimal
size VLMMs was suggested in (Buhlmann, 1997).
The selected representatives AIC(PFM), AIC(VLMM) and AIC(MM) have 150, 233
and 256 prediction contexts, respectively13 .
Each representative was let to generate sequences G, on which we subsequently computed the thermodynamic entropy rate spectrum. As an example, gure 5 shows the
typical spectra for the 6-block statistics. The positive temperature parts unveil an overestimation of high probability 6-blocks by the VLMM representative. More extremal peaks
in the 6-block distribution can be found in the sequences generated by AIC(VLMM) than
are actually present in the training sequence S . The opposite is true about the MM representative. The MM of order 4 is too simple to account for all details in the training
sequence 6-block distribution. The positive temperature branch of the PFM-generated
spectrum suggests an almost perfect coincidence of the 6-block training sequence and
model generated distributions, across all high probability levels.
The negative temperature part of entropy rate spectra concentrates on rare 6-blocks.
Flat regions in the spectra appear because the sequences are too short to reveal any
signi cant probabilistic structure in low probability 6-blocks. The representatives do
not introduce any strong additional structure into rare 6-blocks and the performances
12
13

at least up to 300 contexts
AIC(MM) is of order 4
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Entropy spectra - block length=6 (laser data, AIC candidates)
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Figure 5: Estimation of thermodynamic entropy rate spectra (based on 6-block statistics)
of sequences generated by the AIC-selected representatives AIC(PFM), AIC(VLMM) and
AIC(MM). Spectrum of the training sequence S is plotted with the bold line.
of AIC(PFM) and AIC(VLMM) are only slightly worse than that of the less sophisticated
model AIC(MM).
Next, we analysed the models' behavior across various block lengths by evaluating
the entropy rate spectra h ;n for block lengths n = 1; 2; :::; 11, and nonnegative inverse
temperatures from B = f0; 1; 2; 3; 5; 10; 15; 20; 30; 60; 100g. The entropy rate spectra of
the training sequence S and the model generated sequences G are compared through the
distances
X
Dn (S; G) = jh ;n(S ) ; h ;n(G)j:
2B

R

The distance Dn (S; G) approximates the L1 entropy spectra distance 01 jh ;n(S ) ;
h ;n (G)jdq( ), corresponding to high probability n-blocks. The measure q is concentrated
on high temperature values. Because of the nite sequence length, the high temperature
statistics are better determined than the low temperature ones.
The entropy spectra distances Dn for the models AIC(PFM), AIC(VLMM) and AIC(MM)
are shown in gure 6. The PFM representative is clearly superior to the other two model
class representatives. Its modeling performance on small block lengths almost equals that
of the MM and continues to be good for higher block lengths as well. The performance of
the VLMM representative improves with increasing block length, but never equals that of
AIC(PFM).
Table 1 summarizes the performance of the studied model classes for models of sizes
comparable to the sizes of the AIC candidates. Both PFMs and SFMs are the most
favorable candidates in all cases.
It is instructive to plot the chaos L-block representation CBRL;k (S ) of the training
sequence, together with points w(x) representing the prediction contexts w 2 Q of the
VLMM and MM representatives.
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Entropy spectrum distances - high probability blocks (laser data, AIC candidates)
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Figure 6: Entropy spectra distances corresponding to positive temperatures evaluated on
10 sequence generation realizations. Shown are the mean values and standard deviations.
AIC(PFM) modeling performance on high probability n-blocks is superior to that of the
representatives AIC(VLMM) and AIC(MM).

Model

# contexts

hLZ (G)

n(S jG)

Dnmin(S; G)

Dnmax(S; G)

PFM

150

1.015 (0.017)

311.4 (4.17)

0.069 (0.05)

0.476 (0.23)

PFM

230

1.014 (0.011)

297.5 (6.80)

0.067 (0.03)

0.493 (0.19)

PFM

260

1.002 (0.022)

291.4 (6.93)

0.050 (0.02)

0.481 (0.20)

SFM
VLMM
SFM
VLMM
SFM
VLMM
MM

150
170
230
233
260
260
256

1.009 (0.024)
0.625 (0.031)
1.001 (0.017)
0.762 (0.023)
1.004 (0.014)
0.716 (0.033)
1.095 (0.005)

314.1 (6.13)
547.0 (32.0)
304.3 (4.69)
455.1 (22.9)
294.7 (4.90)
472.2 (11.0)
492.7 (12.5)

0.059 (0.03)
1.011 (0.06)
0.041 (0.01)
0.736 (0.08)
0.072 (0.04)
0.712 (0.09)
0.091 (0.01)

0.501 (0.28)
3.289 (0.08)
0.546 (0.29)
2.214 (0.51)
0.609 (0.34)
2.914 (0.31)
1.431 (0.13)

Table 1: Model performance evaluated on 10 sequence generation realizations for models
of sizes comparable to those of the AIC candidates. Shown are the mean values (together
with standard deviations in parenthesis) for the Lempel-Ziv entropy estimates hLZ (G)
on the model generated sequences G, the number n(S jG) of cross-phrases in the training
sequence S with respect to G, minimal and maximal entropy distances Dnmin (S; G) =
min1n11 Dn (S; G) and Dnmax (S; G) = max1n11 Dn (S; G), respectively. Lempel-Ziv
entropy estimate of the training sequence entropy is 1.0137.
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As seen in gure 7c, the points w(x) (shown as diamonds) corresponding to the
prediction contexts w 2 A4 of the 4th-order MM blindly cover the unit square X , regardless
of the actual distribution of points (shown as dots) in the allowed L-blocks' geometric
representation.
Prediction contexts of the VLMM representative are suces of the allowed L-blocks,
and so geometric representations of the prediction contexts concentrate in the areas inhabited by CBRL;k (S ). The context selection criteria favor prediction contexts whose
probability exceeds some pre-set \acceptance" threshold and whose next-symbol probabilities do not signi cantly di er from those of the extended contexts. The result (see
gure 7b) is a sort of \conditional" vector quantization of the geometric training sequence
representation, whose aim is to cover the set of \accepted" allowed blocks with a minimal
set of prediction contexts, taking into account the associated next-symbol probabilities.
Prediction contexts (codebook vectors) of the PFM representative are shown in gure
7a.

4.2 Feigenbaum sequence

The second data set is an arti cial symbolic sequence over a binary alphabet A = f1; 2g,
also known as the Feigenbaum sequence (Freund, Ebeling, & Rateitschak, 1996). The
sequence is generated by iterating the logistic map yt+1 = ryt (1 ; yt ), y 2 [0; 1], with
the control parameter r set to the period doubling accumulation point value14 (McCauley,
1994), and partitioning the iterands yt into two regions15 [0; 21 ) and [ 12 ; 1], corresponding
to symbols 1 and 2, respectively.
The topological structure of the sequence (i.e. the structure of allowed n-blocks not
regarding their probabilities) can only be described using a context sensitive tool { a
restricted indexed context-free grammar (Crutch eld, & Young, 1990). The metric structure of the Feigenbaum sequence is organized in a self-similar fashion (Freund, Ebeling,
& Rateitschak, 1996). The transition between the ranked distributions for block lengths
2g ! 2g+1 , 3 2g;1 ! 3 2g , g  1, is achieved by rescaling the horizontal and vertical axis
by a factor 2 and 21 , respectively. Plots of the Feigenbaum sequence n-block distributions,
n = 1; 2; :::; 8, can be seen in gure 8. Numbers above the plots indicate the corresponding block lengths. The arrows connect distributions with the (2; 12 )-scaling self-similarity
relationship.
We represented the binary Feigenbaum sequence S containing 260.000 symbols through
a one-dimensional chaos L-block representation CBRL;k (S ), with L = 30 and k = 21 .
Then, we built a series of PFMs using codebook vectors obtained via dynamic cell structures technique run on the CBRL;k (S ).
By varying the construction parameters, we obtained a series of VLMMs of growing size
(construction scheme (9)). Unlike in the previous experiment, constructing the series of
increasingly complex VLMMs appeared to be a troublesome task. Due to the Feigenbaum
sequence organization, the construction procedure did not work \smoothly" with varying
construction parameters. Instead, we experienced a highly non-regular behavior with
intervals of parameter values yielding unchanged VLMMs, and tiny regions in parameter
space corresponding to a large spectrum of VLMM sizes. Therefore, it was impossible
14
15

r=3.56994567...
this partition is a generating partition de ned by the critical point
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Figure 7: Chaos L-block representation CBRL;k (S ) of the laser training sequence S (dots),
L = 20, k = 21 . Diamonds represent the block representations of prediction contexts of
the PFM (a), VLMM (b) and MM (c) AIC representatives.
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16 Feigenbaum sequence n-block distributions have just one or two probability levels. Therefore, in
this case, it is not necessary to use the thermodynamic entropy rate spectra (as done in the previous
experiment) to scan the n-block distributions across all probability levels and compute the spectra distances
concentrating on statistically well-determined higher temperature statistics. We use the L1 distance to
measure the disproportions between the Feigenbaum and the model generated distributions.
17 We observed that either n (M) 2 (0; 0:005] (the model mimics the n-block distribution successfully),
or n (M) >> 0:005 (the model fails in modeling the n-block distribution).

The modeling horizon n(M) of the model M is de ned by
8n  n(M); n (M)   and n(M)+1(M) > :
In our experiments, the threshold17  was set to 0:005.
Figure 9 interprets the growing ability of PFMs, SFMs and VLMMs to model the
metric structure of allowed blocks in the Feigenbaum sequence S .

where P^S;n and P^G;n are the empirical n-block frequencies in S and G respectively.
With each model M, we associated its modeling horizon n(M) by letting the model
M generate 10 sequence generation realizations G1; :::; G10, and evaluating
n (M) = i=1max
d (S; Gi):
;2;:::;10 n

w2An

As in the previous experiment, the models were used to generate sequences G of length
equal to the length of the training sequence S . Then, we computed L1 distances16 between
the n-block distributions on S and G,
X
dn (S; G) =
jP^S;n(w) ; P^G;n (w)j;

contexts and states of PFMs and SFMs, respectively.

CBRL;k (S ) with increasing number of codebook vectors that later became the prediction

to simply iteratively change the parameters by a small amount and save the resulting
VLMMs (as done in the laser data experiment). Instead, one had to spent a fair amount
of time to nd the critical parameter values.
In contrast, building PFMs and SFMs proceeded as naturally as in the previous experiment. Dynamic cell structures covered the training sequence geometric representation

Figure 8: Plots of self-similar rank-ordered block distributions of the Feigenbaum sequence
for di erent block lengths (indicated by the numbers above the plots). The self similarity
relates block distributions for block lengths 2g ! 2g+1 , 3 2g;1 ! 3 2g , g  1 (connected
by arrows).
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Figure 9: Modeling horizons n(M) of models M built on the Feigenbaum sequence as a
function of the number of prediction contexts in M.
The classical MM totally fails in this experiment, since the context length 5 is far too
small to enable the MM to mimic the complicated subsequence structure in S . PFMs,
SFMs and VLMMs quickly learn to explore a limited number of deep prediction contexts
and perform comparatively well.
The jumps in the modeling horizon graph of PFMs and SFMs on gure 9 can be
understood through state transition diagrams of the SFMs.
While the machine M4 in gure 10a can model only blocks of length 1,2 and 3, the
introduction of an additional transition state in the machine M5 shown in gure 10b
enables the latter machine to model blocks of length up to 6.
Only three consecutive 2's are allowed in the training Feigenbaum sequence S . The
loop on symbol 2 in the state 1 of the machine M4 is capable of producing blocks of
consecutive 2's of any length. So, the n-block distribution, n  4, cannot be properly
modeled by the machine M4 .
The state 1 in the machine M4 is split into two machine M5 states 1.a and 1.b. Any
number of 4-blocks 2212 can be followed by any number of 2-blocks 12 and vice versa.
This is ne as long as we study structure of the 6-block distribution.
Moving to higher block lengths, we nd that once the 4-block 2212 is followed by the
2-block 12, another copy of the 2-block 12 followed by the 4-block 2212 must appear. This
12-block rule is implemented by the machine M8 in gure 11b. The machine M8 is created
from the machine M7 in gure 11a by splitting the state 3.a into two states 3.a and 3.c.
The machine M7 with 7 states is equivalent to the machine M5 ( gure 10a) with 5 states:
states 2.a, 2.b and 3.a, 3.b in M7 are equivalent to states 2 and 3, respectively, in M5 .
State splitting responsible for the third jump in the modeling horizon graph between
the SFMs M22 and M23 with 22 and 23 states, respectively, is illustrated in gure 12.
Symbols A and B stand for the 4-blocks 1212 and 2212, respectively. The machine M22 is
equivalent to the machine M8. State splitting in the middle left branch of the machine M22
removes the two lower cycles BAB, B, and creates a single larger cycle BBAB in the machine
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Figure 10: State transition diagrams of the SFMs constructed on one-dimensional chaos
L-block representation CBRL;k (S ), L = 30, k = 12 , of the training sequence S . The
machines M4 (a) and M5 (b) were obtained by quantizing CBRL;k (S ), via dynamic cell
structures with 4 and 5 centers respectively. State transitions are labeled only with the
corresponding symbols, since the transition probabilities Ti;j;s are uniformly distributed,
i.e. Ti;j;s = 1=Ni, where Ni is the number of arcs leaving the state i.
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Figure 11: SFMs M7 and M8 built on geometric representation CBRL;k (S ) of the Feigenbaum sequence S quantized into 7 (a) and 8 (b) compartments, respectively. Construction
details are described in caption to the previous gure.
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Figure 12: Schematic representation of SFMs built on geometric representation of the
Feigenbaum sequence. Symbols A and B stand for the 4-blocks 1212 and 2212, respectively.
The machine M22, obtained from a codebook with 22 centers, is equivalent to the machine
M8 (see also the previous gure). State splitting in the middle left branch of the machine
M22 (dashed line) removes the two lower cycles BAB, B, and creates a single larger cycle
BBAB in the machine M23.

M23. This machine correctly implements the training sequence block distributions for

blocks of length up to 24.
Variable memory length Markov models implement the same subsequence constraints
as their fractal counterparts SFMs. Figures 13a and 13b present VLMMs N5 and N11 with
5 and 11 prediction contexts, respectively. The VLMMs are shown as probabilistic sux
automata with states labeled by the corresponding suces. The VLMM N5 is isomorphic
to the SFM M5 in gure 10b, and the VLMM N11 is equivalent to the SFM M8 in gure
11b. Although not shown here, the VLMM with 23 prediction contexts is isomorphic to
the SFM M23 schematically presented in gure 12.

5 Discussion
The main advantage of our approach is the self-organizing character of constructing fractalbased predictive models PFMs and SFMs with increasing model size. Algorithms like
dynamic cell structures (Bruske, & Sommer, 1995), or growing cell structures (Fritzke,
1995) cover the spatial training sequence L-block representation with increasingly large
codebooks in a natural and self-organized manner. Predictive models constructed on such
codebooks can be compared through a model selection criterion (e.g. Akaike information
criterion (AIC) used in this study) selecting a model class representative.
This is an important issue that has attained little attention in the VLMM literature.
Usually, the results are presented only for a few selected models, stressing the memory
requirement advantage of VLMMs over the classical MMs. Little is said about how a
particular model was selected and how dicult it was to arrive at the presented solution
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Figure 13: VLMMs N5 (a) and N11 (b) built on the Feigenbaum sequence. The VLMMs
are are shown as probabilistic sux automata with states labeled by the corresponding
suces. As with SFMs in this experiment, the state transition probabilities are uniformly
distributed.
(see, for example (Ron, Singer, & Tishby, 1996; Ron, Singer, & Tishby, 1994)). Buhlmann
(1997) mentions diculties in selecting the VLMM construction parameter values and
suggests to use the AIC as a model selection tool.
Guyon and Pereira (1995) study two ways of constructing increasingly complex VLMMs:
by increasing the source memory L with other construction parameters kept xed, or by
xing a (long enough) source memory L and gradually changing a single parameter on
which all the other construction parameters functionally depend. The latter scheme was
experimentally shown to yield a superior performance (Guyon, & Pereira, 1995). We used
the latter scheme in the experiments described in this paper.
As shown in section 4.2, the construction parameters' selection is a non-intuitive task
that may require a lot of interactive steps. In this respect, the construction of PFMs
and SFMs is more intuitive (the number of codebook vectors directly corresponds to
the number of predictive contexts), easier to automatize (growth of predictive models is
directed by the codebook growth in the self-organizing quantization algorithms) and often
faster.
For example, on a Pentium linux machine, it takes less than a minute to construct
the chaos L-block representation CBRL;k (S ) of the Feigenbaum sequence. Dynamic cell
structures (DCS) quantize the CBRL;k (S ) into a series of codebooks with 2,3,...,30, centers
in about 5 minutes. Construction of a series of fractal-based predictive models PFM (SFM)
is nished in 5 minutes. On the other hand, we spent three hours of interactive work to
obtain the VLMM series used in the Feigenbaum sequence experiment.
More importantly, our fractal-based predictive models PFMs and SFMs outperform
the classical and variable length Markov models in the laser data experiment, and achieve
the VLMM modeling performance on the Feigenbaum sequence.
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Compared with the Feigenbaum sequence one- or two-level n-block distributions, the
range of probability levels corresponding to blocks contained in the laser-produced training
sequence is quite rich. We employ the thermodynamic entropy rate spectra to scan the
laser sequence high probability n-block structure. The modeling behavior of the studied
models for blocks of increasing length is assessed using the entropy rate spectra distances
computed on the training and model generated sequences. With respect to these measures,
as well as with respect to the block length independent Lempel-Ziv entropy and crossentropy estimates, the PFMs and SFMs outperform the MMs and VLMMs.
The experiment with the arti cially generated Feigenbaum sequence tests, on each
model size level, how quickly can the models nd a set of specialized deep prediction
contexts needed to model a rather peculiar training sequence subsequence structure. In
contrast to the laser data experiment, where the training sequence is generated by a real
laser in a chaotic regime, the setting of this experiment is di erent in that
 the one- and two-level n-block distributions allow us to use the L1 distance between
the training and model generated sequences as a modeling performance criterion.
 the predictive models need deep prediction contexts. This is the case where the
classical Markov models cannot succeed and the full power of admitting a limited
number of variable length contexts can be exploited.
 the topological and metric structures of the Feigenbaum sequence are well-understood
(Crutch eld, & Young, 1990; Freund, Ebeling, & Rateitschak, 1996). This enables us
to monitor the construction of fractal-based models of growing size by analysing the
SFM state transition diagrams for models corresponding to jumps in the modeling
horizon graph and comparing them to the theoretical Feigenbaum sequence model.
Indeed, The machines M5 , M8 and M23 constitute increasingly better approximations to the in nite self-similar Feigenbaum machine described by Crutch eld and
Young (1990).

5.1 Final remarks

1. We also tried other quantization techniques like the classical Kohonen self-organizing
feature maps (SOFM) (Kohonen, 1990), SOFM with the star topology of neuron eld
(Tino, & Sajda, 1995), or deterministic annealing based hierarchical clustering (Rose,
Gurewitz, & Fox, 1990). In all cases, the quantization of the training sequence chaos
L-block representation CBRL;k (S ) yielded predictive models of quality comparable
to that of the models obtained via the K-means or DCS clustering. Clustering via
deterministic annealing took enormous time without any apparent improvement in
the resulting predictive models.
2. In some cases, topological ordering of codebook vectors in vector quantization of
the training sequence spatial representation may be bene cial. For example, in the
Feigenbaum sequence experiment, dynamic cell structures created new codebook vectors, one at a time, without much change to the codebook distribution and topology.
Speaking in terms of the extracted SFMs, the state transition diagrams and the state
labeling before and after inclusion of a new codebook vector di ered only locally and
the state splitting e ect was immediately detectable.
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3. The fractal-based models PFMs and SFMs depend on the cluster density in the
CBRL;k (S ), that is controlled with the contraction parameter k 2 (0; 21 ]. Smaller k's
yield more dense clusters. Furthermore, quantization of the CBRL;k (S ) is controlled
by the magni cation factor (Ritter, & Schulten, 1986; Bauer, Der, & Herrmann,
1996) of the used vector quantization scheme. The magni cation factor relates18
the frequency of codebook vectors in a quantized region with the frequency of points
from CBRL;k (S ) in that region. One can nd a formal relationship among the CBRcontraction factor k, magni cation factor of the vector quantizer and the topology
of the SFM state transition diagrams. This and other related issues are currently
under investigation and will be published elsewhere (Tino, & Dor ner, 1998).
4. For k close to 21 , geometric representations of completely di erent n-blocks may lie
close to each other. This happens, for example, for blocks 444...41 and 333...32 over
the alphabet f1; 2; 3; 4g, geometrically represented through the iterative function
system (4) acting on [0; 1]2, with t1 = (0; 0), t2 = (1; 0), t3 = (0; 1) and t4 = (1; 1).
As a remedy, one may lower the contraction ratio k. In our experiments, however,
we did not notice any serious downfall in the model quality for k = 21 . The issue
of optimal contraction ratio with respect to a given training sequence and vector
quantizer is also being currently investigated.
5. Is is only fair to note that even though the predictive models PFMs and SFMs
emerge from our experiments as potentionally interesting and favorable alternatives
to VLMMs, so far, they lack a sound theoretical background comparable to that
supporting the use of VLMMs (Ron, Singer, & Tishby, 1996; Weinberger, Rissanen,
& Feder, 1995; Buhlmann, 1997). Proceeding in this direction, we have theoretically analysed the multifractal properties of the basis for our predictive models'
construction { the chaos n-block sequence representation (Tino, 1998), and found a
relationship among the chaos block representation contraction factor, magni cation
factor of the vector quantizer and the topology of the SFM state transition diagrams
(Tino, & Dor ner, 1998).
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