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Abstract
This paper studies the dynamics of an asset pricing model based on simple deterministic agents.
Traders are heterogeneous with respect to their time horizon, prediction function and trade interval.
Concerning the trade interval we distinguish between intraday traders and end-of-day traders. Intraday
traders update their portfolio every period, whereas end-of-day traders adjust their positions only at the
closing price of each trading day. The parameter values of the model were partially determined by an
adapted Markov chain Monte Carlo sampling method. We analyse the properties of the time series and
find that they exhibit low autocorrelation of the returns, volatility clustering and fat tails. Particularly
heterogeneous trade intervals seem to be an important factor for generating time series showing ”stylized
facts”.
Keywords: agent-based models, heterogeneous agents, endogenous stock price fluctuations, artificial
markets

1 Introduction
One important paradigm of modern finance is the efficient market hypothesis, which was developed by
Fama, 1965. It is assumed that the actual market price contains all available information or in Malkiel’s
words (Malkiel, 1989): ’Thus, investors cannot devise an investment strategy to yield abnormal profits on
the basis of an analysis of past price patterns’. Especially past prices cannot help in forecasting future price
changes (see also Fama, 1970 and Fama, 1991). Much effort has been invested in proving or disproving the
efficient market hypothesis. Current opinion of the financial community is that there is much evidence that
financial markets are not efficient (see Malkiel, 1996; Lo and MacKinlay, 1999; Savit, 1988; Savit, 1989;
Hinrich and Patterson, 1985; Scheinkman and LeBaron, 1989). This is also affirmed by the empirical trading behaviour of many investors. Chartists or technical traders believe that prices may be predicted by
extrapolation of trends, technical trading rules or other patterns generated by past prices.
Another paradigm is the rational expectation equilibrium (REE), introduced by Muth, 1961. The rational expectations model makes two assumptions (see also Sargent, 1986). First agents are rational and
are able to optimize an objective function. Second the same information is available to all agents. Therefore agents are expected to be fully informed and to know all equations of the economic model. Perfectly
rational agents maximize their utility function and are able to solve complicated optimization problems.
This seems to be highly demanding, and therefore bounded rationality models have been proposed. Note
that models with agents being bounded rational and having access to different information sets may still
converge to the rational expectation equilibrium, e.g. Sargent, 1993. Therefore these two markets may be
indistinguishable on a macro-level.
Examples of bounded rational models are agent-based simulations of financial markets (e.g.
Chen et al., 2001; Farmer, 2000; Cont and Bouchaud, 2000), especially the Santa Fe artificial stock
market (Arthur, et al., 1997; LeBaron et al., 1999; LeBaron, 2001a and the review LeBaron, 2000)
with various modifications (e.g.
Ehrentreich, 2002 correcting a faulty mutation operator or
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Tay and Linn, 2001 introducing expectation formation based on fuzzy inductive reasoning) or evolutionary models (e.g. Bullard and Duffy, 1999; Brock and Hommes, 1997; Brock and Hommes, 1998;
Beltratti and Margarita, 1992; Chen et al., 2001).
Noe et al. (2003) examine corporate security choice by simulating an agent based economy. Adaptive
agents learn about the structure of security returns and prices. A firm needs external financing in order to
undertake a project paying out random future payoff. The firm can choose from different securities, e.g.
debt, equity, convertible debt. These securities are issued in a perfect market. The cash flow of the project
is then split between the firm and outside investors according to the terms specified by the security issued.
Security issuance and pricing strategies are learned using a genetic algorithm. Their results show that
strong preferences over capital structure choices emerge even in perfect and competitive markets. These
preferences are consistent with observed empirical regularities.
In a stationary world all past observations are relevant and should be included in a prediction function. But if the data generating mechanism is changing over time, it might be better to concentrate only
on recent observations. Several papers have reported evidence of breaks in economic time series (see
Bai and Perron, 1998; Garcia and Perron, 1996 or regarding stock price time series Timmermann, 1998).
Therefore the length of the history of past prices and dividends is of importance.
In LeBaron (2001) investors with different time horizons are modeled in an evolutionary setting.
LeBaron finds that agents with a short horizon increase the volatility of the stock price significantly, which
is far beyond that driven by fundamental variability. Furthermore patterns in volatility and trading volume
are similar to empirical markets.
Thurner et al. (2002) present a deterministic model of traders, who are all fundamentalists. Investors
are heterogeneous in the sense that they work with a different time frequency of the stock price. The
artificial time series exhibits fat tails of returns distributions, volatility clustering and power laws.
This paper presents a standard capital market model. Investors are heterogeneous with respect to their
prediction function, their time horizon and their trade interval. There are two types of prediction functions which lead to fundamentalists and chartists. Fundamentalists base their prediction on past dividends
whereas chartists use past prices to forecast the future price. In our model the time horizon is modeled as
length of history of past prices and dividends used for the prediction. In other words time horizon means
how far back agents look into the past to predict the future price. Agents trade in two different time intervals which lead to two types of investors: Intraday traders and end-of-day traders. Whereas intraday
traders update their position every time period, the latter only trade at the closing price of each day.
The validation technique of the model is based on an adapted Markov chain Monte Carlo sampling. By
using this technique the influence of model parameters can be investigated. We can explicitly investigate
the correlation of model parameters and under which conditions the artificial price series exhibits empirical
stylized facts. This new validation technique was introduced by Sallans et al., 2003.
The paper is organised as follows. In section 2, a standard asset pricing model is presented. Moreover
we calculate the rational expectation equilibrium, which acts as a benchmark for our simulation. Section 3
focuses on the formation of expectation of our agents. In section 4 we present the results of the simulation
and section 5 provides a conclusion and an outlook on further research.

2 Model
Within this section we will present a standard capital market model (see e.g. Arthur, et al., 1997;
Brock and Hommes, 1998; Dangl et al., 2001). Myopic investors maximize their next period’s utility subject to a budget restriction. At time t agents invest their wealth in a risky asset (a stock or index of stocks)
with price pt and in bonds, which are assumed to be risk free. There are S stocks paying a stochastic
dividend dt . The risk free asset is perfectly elastically supplied and earns the risk free and constant interest
rate r. There are no restrictions on short selling of the stock or the bond. The model considered in the
following is a discrete time model. Investors are allowed to change their portfolio in every time step 1 . The
wealth of investor i at time t + 1 is given by
1 See

section 3 for the different length of a time step for an intraday trader and an end-of-day trader.
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Wi,t+1 = (1 + r) Wi,t + (pt+1 + dt+1 − (1 + r) pt ) si,t

(1)

where Wi,t is the wealth at time t and si,t the number of stocks of the risky asset held at time t. As in
Brock and Hommes, 1998 , Levy and Levy, 1996 , Chiarella and He, 2001 or Chiarella and He, 2002 the
demand function of the following model is derived from a Walrasian scenario. This means that each agent
is viewed as a price taker (see Brock and Hommes, 1997 and Grossman, 1989 )
Investors have a constant absolute risk aversion (CARA) utility. Therefore agents determine their
investment in the risky asset independent of their wealth. This seems to be unrealistic because it is clear
that in actual markets wealthier investors on average hold more stocks and therefore have a greater impact
on prices. On the other hand if the wealth of investors is more or less evenly distributed, there should
be little difference between investors with a constant absolute risk aversion versus agents with a relative
absolute risk aversion.
Denote
pt :
dt :
r:
S:
N:
si,t :
Wi,t :
ζi

Price (ex dividend) per share of the risky asset at time t
Dividend at time t
Risk free rate
Total number of shares of the risky asset
Total Number of investors
Number of shares investor i holds at time t
Wealth of investor i at time t
Risk aversion of investor i

Let an investor i with wealth Wi maximize his/her utility of the form
u (Wi ) = −e−ζi Wi

(2)

with ζi as constant absolute risk aversion. Denote by Ft = {pt−1 , pt−2 , ...p0 , dt , dt−1 ...d0 } the information
set available at time t2 . Let Ei,t and Vi,t be the conditional expectation and conditional variance predicted
by investor i at time t based on Ft . Then the demand for the risky asset si,t solves


ζi
max Ei,t (Wi,t+1 ) − Vi,t (Wi,t+1 )
si,t
2



(3)

i.e.,
si,t =

Ei,t (pt+1 + dt+1 ) − pt (1 + r)
ζi Vi,t (pt+1 + dt+1 )

(4)

Let S be the total number of shares. The market clearing price pt is implicitly given by the equilibrium
equation
S=

N
X

si,t

(5)

i=1

In the following section we will calculate the rational expectations equilibrium (REE) as a benchmark for
our simulations. For determining the REE we assume homogeneous expectations. This means that all
investors hold the same view about conditional return and variance i.e. E i,t ≡ Et and Vi,t ≡ Vt .
2 Note

that at time t price pt is not given.
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2.1 Rational Expectation Equilibrium
Let the dividend follow an autoregressive process of order one,


dt = d¯ + α dt−1 − d¯ + εt with εt = N 0, σd2

(6)

pt = f d t + g

(7)

where the independent and identically distributed noise εt is drawn from a normal distribution with mean
zero and variance σd2 .
We assume that agents conjecture that the price of the risky asset is a linear function of the dividend,
i.e.

Now rewrite the conditional expectation by replacing pt from equation (7) :
Ei,t (pt+1 + dt+1 ) = Ei,t ((1 + f ) dt+1 + g)



= Ei,t (1 + f ) d¯ + α dt − d¯ + εt+1 + g

= (1 + f) d¯ + α dt − d¯ + g

(8)

For the conditional variance we get

Vi,t (pt+1 + dt+1 ) = Vi,t ((1 + f) dt+1 + g)



= Vi,t (1 + f ) d¯ + α dt − d¯ + εt+1 + g
= Vi,t ((1 + f) εt+1 )

(9)

= (1 + f)2 σd2
Let all investors be equally risk averse and have homogeneous expectations on both mean and variance, i.e.
ζi ≡ ζ,
Ei,t (pt+1 + dt+1 ) ≡ Et (pt+1 + dt+1 ) and

(10)

Vi,t (pt+1 + dt+1 ) ≡ Vt (pt+1 + dt+1 ) for i = 1, · · · , N
Now we substitute the equation for the conditional expectation (8) and conditional variance (9) into the
demand equation (4). Under homogeneous investors all agents have to hold S/N . There is no reason
why one investor should hold more stocks than other investors (see the theorem on constant portfolios
Kenneth et al.,2000) .

(1 + f ) d¯ + α dt − d¯ + g − (f dt + g) (1 + r)
S
=
2
N
ζ (1 + f ) σd2

(11)

The left hand side of the equation is a constant, so the right hand side must be a constant too. Therefore
the time dependent variable dt has to vanish.
0 = dt ((1 + f ) α − (1 + r) f )
α
f=
(1 + r − α)

(12)

Substituting 12 into 11 and solving for g leads to

2
S
(f + 1) d¯(1 − α) − ζ (1 + f) σd2 N
g=
r

(13)
4

Therefore the solution for the REE-price p∗ is given as

2
S
(f + 1) d¯(1 − α) − ζ (1 + f ) σd2 N
α
p =
dt +
(1 + r − α)
r
∗

(14)

2.2 Sequence of Events
Let us have a look at the timing of the events within the model. First the dividend d t of the current period
is announced and paid. The next step is the formation of expectations. Based on past prices and dividends,
including dt an investor i forms his/her expectation about the distribution of the next period’s price and dividend. According to equation (8) and (9) the investor calculates E i,t (pt+1 + dt+1 ) and Vm,t (pt+1 + dt+1 ).
Plugging the expectations into Equation (4) the agent is able to determine the demand function, which is
submitted to the stock market via limit buy orders and limit sell orders 3 . After the orders of all agents are
collected, the stock market calculates this period’s equilibrium price p t .
The market uses a sealed-bid auction, where the clearance mechanism chooses the price at which
trading volume is maximized. The constructed supply and demand curves are based on the transaction
requests. Example supply and demand curves are shown in 1
Supply and Demand Curves
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Figure 1: Supply and demand curves. Supply is marked with “O” and increases with price. Demand,
marked with “*” decreases with price. The market price (vertical line) is set to a price which maximizes
the volume traded. In this case, the market price is 4.25.

3 Formation of expectations
It is well known that expectations play a key role in modeling dynamic phenomena in economics. Heterogeneous expectations are introduced in the following way:
Ei,t (pt+1 + dt+1 ) = Fi (pt−1 , · · · pt−hi , dt−1 , · · · , dt−hi )
Vi,t (pt+1 + dt+1 ) = Gi (pt−1 , · · · pt−hi , dt−1 , · · · , dt−hi )

(15)

3 A limit order is an instruction stating the maximum price the buyer is willing to pay when buying shares (a limit buy order), or
the minimum the seller will accept when selling (a limit sell order).
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Heterogeneity arises from different information sets and different prediction functions. Agents have three
characteristics:
• Type of prediction function: Fundamentalist or chartist
• Time horizon: Length of history of past prices and dividends used for prediction
• Trade interval: Intraday trader or end-of-day trader
These characteristics are initialized at the beginning of the simulation and are held fixed thereafter. In
order to keep the simulation simple, there are only two types of prediction functions and the trade interval
can only take one out of two different values. The above three characteristics can be combined in any way,
e.g. chartists trading intraday or fundamentalists, who are end-of-day traders.
First let’s have a closer look at the type of prediction function. As in many other heterogeneous agents
models we assume that two kinds of investors exist: Fundamentalists and chartists. Chartists use past
prices to predict the future price whereas fundamentalists calculate a ”fair value” based on past dividends.
Therefore for a fundamentalist Ei,t (pt+1 ) is a function of past dividends and for a chartist Ei,t (pt+1 ) is a
function of past prices.
The second characteristic of agents is their time horizon. The time horizon is the length of history
hi of past prices and dividends used for their predictions. Time horizon means how far back agents look
into past to predict next period’s price and dividend. A long time horizon, i.e. high h i means that many
past observations are used as a forecast. The time horizon is drawn from an uniform distribution. The
range of this uniform distribution depends on the agents type of prediction function. It was found that
for fundamentalists and chartists different time horizons were appropriate. In particular chartists have to
identify trends. The more observations they use, the further they look into the past which also means that
longer trends can be identified. For example, if prices followed an upward trend, thereafter a downward
trend, a short term chartist, i.e. a chartist with a short time horizon, would extrapolate the downward trend.
This trader would predict a further drop in the stock price. For a long term chartist the last two trends
might cancel each other and this agent would predict no change in the stock price. However the situation for
fundamentalists may be different. Fundamentalists use past dividends for their price prediction. Depending
on the type of the dividend process, it might be favorable to base the prediction only on the last observation.
The minimum time horizon for a fundamentalist is 1, for a chartist it is 2 (the chartist needs at least 2 prices
to calculate a trend, see also equation (23)). We allow two different maximum values for the time horizon
for fundamentalists and chartists. For more details please see the results (section 4).
The third characteristic of an agent is the trade interval φi . Investors update their portfolio every φ
periods. In our model we assume five price fixings per day with the last price setting being the closing
price of the day. Therefore every 5th , 10th , 15th etc. price is a closing price. We distinguish between two
types of agents concerning their trading interval: Intraday traders with φ i = 1 and end-of-day traders with
φi = 5. Intraday traders update their position at every time step, whereas end-of-day traders only trade at
the closing price of each day. This means that in the first four price settings per day only intraday traders
rebalance their portfolios. In the fifth price fixing (the closing price) all agents trade. End-of-day traders
ignore intraday prices, i.e. prices between their updates. The dividends of the five previous periods are
accumulated. In order to keep consistent notation between intraday and end-of-day traders, we will define
prices and dividends as used by the intraday traders as they are related to the highest frequency information
available. Given the high-frequency price and dividend information pbt and dbt , the price pt−1 and dividend
dt used by a trader with interval φi is given by:
pt−1
dt

= pbt−φi
=

φX
i −1
j=0

dbt−j

(16)
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Therefore the information set used by trader i with interval φi is given by


φX
φX
φX
i −1
i −1
i −1


dbt−hi φi −j
dbt−φi −j , ...,
dbt−j ,
Fhi ,φi ,t : pbt−φi , pbt−2φi , ..., pbt−hi φi ,


j=0

j=0

j=0

(17)

→ {pt−1 , pt−2 , ..., pt−hi , dt , dt−1 , ..., dt−hi }

Now let’s have a closer look at the formation of expectation. Let’s begin with the expectation for the
variance Vi,t . Agents determine Vi,t in the following way

Vi,t (pt+1 + dt+1 ) =

hi
1 X
(pt−j + dt−j − M)2
hi j=1

(18)

hi
1 X
with M =
(pt−k + dt−k )
hi
k=1

Fundamentalists and chartists have the same prediction function for the variance. Their information set
depend on their history hi of past prices and dividends and their trade interval φi .
Now we take a look at the expectation of next period’s price and dividend. First we split E i,t (pt+1 + dt+1 )
into Ei,t (pt+1 ) and Ei,t (dt+1 ). Investors form their expectations over the next periods dividend d t+1 in
the following way:
h

Ei,t (dt+1 ) =

i
1 X
dt−j
hi + 1 j=0

(19)

Fundamentalists determine their price expectation according to a model based on fundamental information,
price
is a linear
which in our model are past dividends. A fundamentalist i assumes that the fair price p Fair
i,t
function of past dividends, i.e.
price
= Fi (dt , · · · , dt−hi )
pFair
i,t
h

=f

i
1 X
dt−j + g
hi + 1 j=0

(20)

This leads to the following price and dividend expectation for the fundamentalist
h

Ei,t (pt+1 + dt+1 ) = (f + 1)

i
1 X
dt−j + g
hi + 1 j=0

(21)

Chartists use the past history of the stock prices in order to form their expectations. They assume that the
future price change per period equals the average price change during the last h i periods4 .
Ei,t (pt+1 ) = pt−1 +

pt−1 − pt−hi
hi − 1

(22)

Note that at time t, pt is not included in the information set Ft . This leads to the following price and
dividend expectation of the chartists
h

Ei,t (pt+1 + dt+1 ) = pt−1 +
4 Note

i
pt−1 − pt−hi
1 X
dt−j + g
+f
hi − 1
hi + 1 j=0

that for chartists hi >= 2 for computing an average price change
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(23)

4 Results
The aim of our model is to reproduce stylized facts with simple agents. Our agents are completely deterministic. The only source of randomness in the simulation are the dividends. The dividends follow an
AR(1) process. We are interested in whether our simple agents are able to reproduce time series which
exhibit stylized facts present in real world market data (see for example the survey by Cont, 2001).
This section is organized as follows. First we will recall the most important stylized facts in which
we are interested. These are the stylized facts we want to reproduce with our model. Thereafter we will
present the parameters of our model and how we determined the values for them. The main part of this
section will be devoted to the results of our simulation.

4.1 Stylized Facts
The most important characteristic of a financial time series is the absence of significant autocorrelation
of the returns. This is a necessary condition for the weak form of the efficient market hypothesis. The
efficient markets hypothesis states that stock prices reflect all available information. If markets are efficient
then new information is reflected quickly into market prices. To test the efficient markets hypothesis, the
null hypothesis is that the financial market is a ”fair game”. That is, the difference between actual and
expected returns is unpredictable. Fama, 1970 defines three forms of the efficient markets hypothesis:
Weak form, semi-strong form and strong form. If stock prices are weak form efficient, past prices contain
no information about future changes and price changes are random. Kendall, 1953 found that stock and
commodity prices follow a random walk. A random walk implies zero correlation between price changes
at t and price changes at t+1. Hence we derive the autocorrelation function of our artificial return series
and check for significance.
The next important characteristic of a typical financial time series is persistent, partially predictable
heteroskedasticity (”volatility clustering”). Since the work of Mandelbrot, 1963 the significant autocorrelation of the volatility is well known. Volatility clustering means that large or small price changes tend to
follow one another. The clustering in periods of high and low volatility is not due to the clustered arrival of
news, but the result of market dynamics. After new information is announced the investors need some time
to deal with the shock. First there might be an exaggeration caused by technical traders, who amplify the
short-term trend. After some time the price calms down again. As a volatility measure we take the squared
returns. We therefore derive the autocorrelation function of the squared returns and check for significance.
Another feature of the returns of the stock price is a non-Gaussian distribution. Stock returns exhibit
fat tails. This feature can be measured with the kurtosis. Hence we calculate the excess kurtosis of our
artificial time series.
To sum up, in order to check for these stylized facts we derive the autocorrelation function of the
returns, the autocorrelation of the squared returns and the kurtosis of the distribution of the returns.

4.2 Model Parameters
Although we use simple agents in a standard capital market model, there are still some parameters which
have to be set. These parameters were described in the earlier sections. The aim of this section is to find
parameter combinations which generate price series exhibiting empirical stylized facts.
First we run several preliminary simulations and divided the parameters into two groups. The first
group consists of parameters which have a small influence on the outcome of the simulation. A variation
of their values within a reasonable range has a small effect on the qualitative results of the simulations.
These parameters, their values and their references are summarized in table 1. There are 100 agents, each
given 100 stocks (S/N ) as an initial endowment. The cash of an investor is not tracked. This is due to their
CARA utility which means that an investment decision is made independent of an agent’s wealth or cash.
The fundamentalist’s prediction parameters f and g for the intraday trader were set according to equation (13) and equation (12) respectively. The risk free interest rate equals 0.4% and the mean dividend d¯
is set to 3. Note, that for end-of-day traders the dividend dt is the accumulated dividend of the trading
day which corresponds to 5 periods. For end-of-day traders the mean dividend d¯ equals 15 and the risk
8

free interest rate is set to 2%. For end-of-day traders the fundamentalist’s parameters f and g can not be
computed from equation (13) and equation (12) because the dividends do not follow an AR(1) process (see
section 3). For simplicity reasons f was set to 1/φth of the value of intraday traders and g was set to the
intraday trader’s value.
Parameter
N
S
ζ
r
d¯
α
σd2
g
f
φ

Description
Number of agents
Number of stocks
Risk aversion
Risk-free interest rate per period
Mean of dividend
Autoregressive parameter of dividend process
Noise of dividend process
Parameter of prediction function
Parameter of prediction function
trade interval of end-of-day trader

Value
100
10000
0.00001
0.02 (0.004)
15 (3)
0.998
0.01
181
33.3 (166.3)
5

Reference
Eq. (5)
Eq. (5)
Eq. (2)
Eq. (4)
Eq. (6)
Eq. (6)
Eq. (6)
Eq. (21)
Eq. (21)
Eq. (17)

Table 1: Parameters, which were held fixed for the MCMC simulation. If parameter values for intraday
traders and end-of-day traders are different, the parameter values for intraday traders are written in brackets.
The second group of parameters consists of those parameters having a big influence on the outcome
of the simulation. We identified three important parameters: The proportion of fundamentalists, the time
horizon of the agents and the proportion of intraday traders. We have to search for appropriate values for
these parameters so that the generated artificial price series exhibits empirical stylized facts. In order to
find ”useful” parameter combinations we could ”grid” the space of parameters and then run a simulation
for each grid point. The disadvantage of this method is the high number of simulation to be conducted. For
example three parameters each taking twenty different values would lead to 20 3 simulations. From these
8000 samples many would be wasted in uninteresting areas of the parameter space. In order to speed up the
search process, a novel validation technique based on adapted Markov chain Monte Carlo (MCMC) sampling is used to determine the value of the parameters of the second group. Using the Metropolis algorithm
(see Metropolis et al., 1953), samples are more likely to be drawn in parameter regions generating good
results. We therefore need fewer samples to find ”good” parameter combinations. This method allows for
the efficient exploration of large parameter spaces. We can investigate how different model parameters are
correlated, and under what conditions the model reproduces empirical stylized facts.
For this directed random search we need to define an energy function, which evaluates a simulation.
In other words, we need to define what we mean by a ”good” parameter combination. A low energy level
corresponds to a better reproduction of stylized facts. A good parameter combination should generate a
price series with no significant autocorrelation of the returns, significant autocorrelation of the squared
returns and significant excess kurtosis. Preliminary simulations showed that most of our artificial price
series exhibited significant excess kurtosis. Therefore we focused on the autocorrelation functions of the
returns and squared returns. We define the energy function as follows:

E=

5
X
j=1

ρj − ρ∗j

2

+

5
X
j=1

γj − γj∗

2

(24)

where ρj denotes the autocorrelation coefficient of returns at lag j, γj denotes the autocorrelation coefficient of squared returns at lag j. The variables ρ∗ = {0, 0, 0, 0, 0} and γ ∗ = {0.15, 0.14, 0.13, 0.12, 0.11}
are the idealized autocorrelation coefficients, which correspond to typical empirical values. Thus the energy function is the sum of squared differences between actual autocorrelation coefficients and the idealized
autocorrelation coefficients up to lag five for both, returns and squared returns. The autocorrelation coefficients were calculated over the last 2000 time steps. Using the adapted MCMC sampling method we
searched the parameter space for regions minimizing the energy function E defined in equation (24). We
9

held the parameters of the first group fixed (see table 1). The dividend sequence was generated by an AR(1)
process at the beginning of the MCMC sampling. Thereafter each drawn sample of parameter combination
was run with the same dividend sequence. The reason for using the same dividend sequence for all samples
is to reduce randomness. Therefore given the dividend sequence, each parameter combination generates a
deterministic price path and energy level. Figure 2 presents a shortened window of the energy level across
iterations. In this example the parameter combination at the beginning is best, i.e. the energy function is
minimized at the first few iterations. For more details about the Metropolis algorithm and the Markov chain
Monte Carlo method see Sallans et al., 2003 .
Energy vs Iteration for MCMC AR1
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Figure 2: The energy level across iterations.

The values of the most influential parameters (see table 2) were determined by the best sample, i.e. the
sample, which minimized the energy function. Let us have a closer look at the ”optimal” values.
The proportion of fundamentalists γ was set to 0.97 which means that 97% of all investors in our
model are fundamentalists and only 3% are chartists. A possible explanation for the high proportion of
fundamentalists is the following: The danger of the emergence of regular patterns and therefore significant
autocorrelation of returns is high, because the agents in our model are completely deterministic. There are
no noise traders and there is no learning, i.e. an agent always uses the same prediction function. In order to
prevent regular patterns the price path has to stick closely to the fundamental value. Simulations showed,
that reducing the proportion of fundamentalists increases the autocorrelation function for both returns and
squared returns. Interestingly the proportion of fundamentalists was not set to 1, therefore it seems that a
small proportion of chartists is an important factor for nonlinearity and volatility clustering.
Another important parameter of our model is the maximum time horizon. The time horizon of each
investor is initialized at the beginning of the simulation and it is drawn from an uniform distribution between the minimum time horizon and the maximum time horizon. We allow for different value ranges for
fundamentalists and chartists. The minimum time horizon of a fundamentalist is set to 1 and the minimum
time horizon of a chartist is set to 2 (the chartist needs at least 2 prices to calculate a trend, see also equation
(23)). The energy function was minimized by setting the maximum time horizon of the fundamentalists
to 1. Thus the time horizon of a fundamentalist is always 1. This means that the price prediction of a
10

fundamentalist is based only on the last dividend. The maximum time horizon of the chartists is set to 6.
The third important parameter of the model is the proportion of intraday traders. This variable was set
to 0.31. This parameter is very important in order to generate price series exhibiting volatility clustering.
Simulations without heterogeneous trade intervals did not lead to volatility clustering.
Parameter
γ
h
δ

Description
Proportion of fundamentalists
Time horizon of fundamentalists
Time horizon of chartists (uniform distribution)
proportion of intraday traders

Value
0.97
1
2-6
0.31

Reference
Section 3
Section 3
Section 3
Section 3

Table 2: Parameters, which were varied in the MCMC simulation. Values were found to be optimal in the
sense of reproducing the desired stylized facts best.
An interesting feature of the adapted MCMC method is the possibility to get some insights into the
correlation of the parameters. The density of the samples in the parameter space is highest in regions of
low energy because the Metropolis algorithm assigns a higher probability of samples to be drawn from
low energy regions than from high energy regions. Figure 3 shows the correlation between the proportion
of intraday traders and the maximum time horizon of chartists.5 It can be seen that there are two regions
(dark-coloured) of low energy, i.e. good reproduction of stylized facts. The second local minimum is found
at a proportion of intraday traders of approximately 45% and the maximum time horizon of chartist being
17. However the adapted MCMC method found out that a proportion of intraday traders of 31% and a
maximum time horizon of chartist of 6 were minimizing the energy function.

4.3 Simulation Results
Given the values of the parameters, we conducted 40 simulations with different AR1 dividend sequences
lasting 3000 periods each. We applied our statistical tests to the last 2000 periods of each simulation.
Figure 4 shows a typical price path of a shortened window. The window was shortened so that the visual
relation between the stock price and the REE price is not obscured by the compression necessary when
graphing the entire history. The fundamental value calculated from equation (14) is plotted as dashed line.
As one can see the price roughly reflects the underlying fundamental price. The reason for this phenomenon
is the high proportion of fundamentalists, which forces the stock price to follow its fundamental value very
closely (see also section 4.2).
There are many empirical studies about the distribution of returns. As already mentioned in section 4.1
the property of fat tails is an important stylized fact. In contrast to the normal distribution one finds more
mass in the mean and in the tails of the distribution. Fat tails are revealed by the significant excess kurtosis.
Figure 5 shows the returns of the simulated prices. The returns were calculated according to

rett = log



pt
pt−1



(25)

for the last 2000 periods of the simulation run.
The histogram of returns is presented in Figure 6. As a point of reference a normal distribution with the
same mean and variance as the distribution of returns is plotted. It can be seen, that the return distribution
is not Gaussian. There is more mass in the mean and in the tails.
Table 3 shows some summary statistics of the returns calculated for the last 2000 periods of each run
and averaged over 40 runs. Under a Gaussian distribution of returns the kurtosis is given with 3, whereas
real world financial time series exhibit significant excess kurtosis, i.e. kurtosis larger than 3. Our model
also generates time series showing excess kurtosis. The mean, standard deviation and skewness of the
returns are within a reasonable range.
5 The density plots were generated using the kernel density estimator for Matlab provided by C.C. Beardah at
http://science.ntu.ac.uk/msor/ccb/densest.html [Beardah and Baxter 1996].

11

Figure 3: Correlation between proportion of intraday traders (x-axis) and maximum time horizon of
chartists (y-axis) . There are two regions (dark-coloured) of good reproduction of stylized facts.
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Figure 4: Price series and the REE price over a typical window. Solid line is the market price, dashed line
is the REE price.
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Figure 5: Return series over a a typical window.
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Figure 6: Histogram of returns.

Figure 7 and figure 8 present the autocorrelation coefficients of returns and squared returns for different
time lags. They were again computed for the last 2000 periods of each run and averaged over 40 runs. The
standard deviation of the autocorrelation coefficients across the 40 runs are √
plotted as error bars. As in
real world markets no significance at a 95% confidence interval, given as ±2/ T , was found for the mean
of autocorrelation of returns, although at lag 1 few runs exhibited significant autocorrelation. As already
mentioned, the reason for the absence of significant autocorrelation of returns is the high proportion of
fundamentalists. Therefore the stock price sticks close to its fundamental value. Moreover the time horizon
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Variables
Mean
Standard deviation
Kurtosis
Skewness

Mean
1.7661e-05
0.0309
4.1135
0.1461

Standard deviation
3.2495e-04
0.0077
0.9341
0.1729

Table 3: Summary statistics of returns calculated for the last 2000 periods of each run and averaged over
40 runs.

of a fundamentalist is set to 1 and therefore the change of the fundamental value corresponds to the change
in dividends.
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Figure 7: Autocorrelation of returns: Mean and standard deviation across 40 runs. Each simulation run
lasted 2000 periods.

This is in contrast to the autocorrelation coefficients of the squared returns. They show significant
positiv autocorrelation over long periods, i.e. the simulated prices exhibit volatility clustering. There are
two reasons in our model for volatility clustering: Chartists and heterogeneous trade intervals. Although
only 3% of all investors are chartists, they are able to introduce some positive autocorrelation of squared
returns. However, the driving force for volatility clustering is the existence of heterogeneous trade intervals.
Approximately 23 of the agents only trade at the closing price of each day. This causes higher trading
volume at closing prices compared to intraday prices (see also figure 9). As already mentioned, simulations
with homogenous trade intervals did not reveal any volatility clustering.
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Figure 8: Autocorrelation of squared returns.

Figure 9 presents a snapshot of the trading volume over a typical window. Notice the increased trading
activity at the closing price of each trading day. This is also found in empirical data of trading volume see
Vieru, 2000. There are five price fixings per day, the last being the closing price. At the closing price all
agents update their position, whereas at all other periods only intraday trader place their orders.
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Figure 9: Trading volume in number of stocks over a a typical window.
Consistent with real markets, volume is significantly autocorrelated. This can be seen in figure 10
presenting the autocorrelation coefficients of the trading volume.
To sum up, the results show that our simple agents are capable of generating price series, which exhibit
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Figure 10: Autocorrelation of trading volume.

real world stylized facts. The returns are non-Gaussian distributed and excess kurtosis exists. Prices are
efficient in that there is no significant autocorrelation of returns. Significant autocorrelation of squared
returns shows that the artificial price series exhibits volatility clustering.

5 Conclusions
This paper presents a standard asset pricing model (see e.g. Arthur, et al., 1997; Brock and Hommes, 1998;
Dangl et al., 2001) with simple deterministic agents. These agents are heterogeneous in three ways: Their
prediction function, their time horizon and their trade interval. There are two different prediction functions,
one based on fundamentals and the other one based on past prices. Fundamentalists assume that the fair
price is a linear function of past dividends. Chartists interpolate past price trends into the future. The time
horizon is modeled via the length of the history of past prices and dividends which is plugged into the
expectation. Further we distinguish between intraday traders, who update their position every period and
end-of-day traders. The latter only trade at the closing price of each day. Using the Metropolis algorithm
in an adapted Markov chain Monte Carlo simulation we found the parameter combination which best
generates price series exhibiting typical financial stylized facts. Interestingly, introducing heterogeneous
trade intervals is an important factor in order to generate volatility clustering. The results are promising
in that simple deterministic agents are able to reproduce efficient stock price returns with insignificant
autocorrelation of returns at all lags, volatility clustering and fat tails.
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